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We review some tests of the 0-brane and instanton matrix models based on comparing long-distance interaction
potentials between branes and their bound states (with 1/2,1/4 or 1/8 of supersymmetry) in supergravity and in
super Yang-Mills descriptions. We rst consider the supergravity-SYM correspondence at the level of the leading
term in the interaction potential, and then describe some recent results concerning the subleading term and their
implications for the structure of the 2-loop F
6
term in the SYM eective action.
1. Introduction
Below we shall review some recent results about
the correspondence between type II supergravity
and matrix theory (or super Yang-Mills) descrip-
tions of long-distance interactions of certain p-
branes [1{4] (see also [5,6]). We shall emphasize
the common features underlying the agreement
between the two pictures for dierent brane con-
gurations with varied amounts of supersymme-
try.
One of the ideas behind the Matrix theory pro-
posal [7] (considered in weak-coupling limit) is
that one should treat 0-branes as fundamental,
eectively building other branes out of large num-
bers of 0-branes. That this is possible in principle
follows from the existence of open string theory
description of D-branes, i.e. from T-duality re-
lating a system of D0-branes on a torus T
p
to





Similarly, one may consider D-instantons as basic
building blocks for D-branes of type IIB theory.
The clusters of N D0-branes or N D-instantons
may be described (at low energies) by U(N) SYM
theories obtained by reduction from 10 to 1 or
0 dimensions [10], which then dene the corre-

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sponding `0-brane' [7] and `instanton' [11] matrix
models.




























0, corresponding to the instantons distributed
along the euclidean time direction, one may re-
late S
 1
to the 0-brane matrix model action by














































(a; b = 0; :::; p) are non-
vanishing constants. Such backgrounds describe
non-marginal bound states p + (p   2) + ::: +






1; :::; p) in the 0-brane matrix model [7,12,13] de-
scribe type IIA 1/2 supersymmetric non-marginal
bound states of branes p+(p 2)+ :::+0. For ex-
ample, a `D-string' in the instanton matrix model
(p = 1), i.e. a D-string bound to D-instantons
[14], is T-dual to 2 + 0 bound state in type IIA
theory, or `longitudinal M2-brane'. BPS states















2Here we shall consider only branes wrapped
over tori, i.e. the case of compactied matrix the-
ory which is described by the SYM theory on the









IIA case). Thus instead of representing, e.g., IIA
brane backgrounds in terms of large N matrices
(or dierential operators) of D = 1 SYM theory
(as was done in [7,17{19,1,2]) we shall use equiv-
alent but more straightforward representation in
terms of D = p + 1 SYM backgrounds. The
non-marginal 1/2 supersymmetric bound states
of branes are then described by constant mag-
netic backgrounds F
mn
, while marginal and non-
marginal 1/4 supersymmetric bound states (e.g.,
1k0 and 4k0) { by 1/2 supersymmetric BPS states
of SYM theory (wave F
m+






) and their superpositions with mag-
netic backgrounds, see, e.g, [20{23]. The 1/8
supersymmetric bound states of branes may be
described by more general 1/4 supersymmetric
SYM congurations which are superpositions of
the wave and/or instanton backgrounds (see [24{
27,4] and below).
In certain cases of BPS bound states of branes
(having non-trivial 0-brane content in IIA case
or instanton content in IIB case) one may ex-
pect a correspondence between their description
in terms of curved supersymmetric backgrounds
of type II supergravity compactied on T
p
and





. On SYM side, it may seem that one
may not actually need to assume that N is large
in order to have this correspondence [28]. As dis-
cussed in [3,4], on supergravity side, this corre-
sponds to viewing IIA congurations of branes as





  t is compactied [28]. This
is formally equivalent to the prescription of com-
puting the interaction potentials between branes
by taking the 0-brane harmonic function without
its standard asymptotic value 1 (see below). As
we shall see, a similar H ! H   1 prescription
applies in the IIB instanton case.
On the SYM side, the interaction potential be-
tween two dierent BPS congurations of branes
is represented by the SYM eective action  
computed in an appropriate SYM background
[29,7,11,17,18]. In general, both the vectors A
a
(a = 0; :::; D   1) and the scalars X
i
(i =
D; :::; 9) may have non-trivial background val-
ues. Consider, for example, a system of a 0-
brane probe interacting with a BPS bound state





0-branes. Under T-duality this
becomes a system of a Dp-brane probe with
charge n
0
and a Dp-brane source with charge
N
0
bound to some other branes of lower di-





). If the probe and the source are sepa-
rated by a distance r in the direction 8 and the
probe has velocity v along the transverse direc-
tion 9, this conguration may be described by



















































































matrices in the fundamental represen-
tation of u(N
0
) which describe the source bound
state. The dependence on derivatives of the scalar
eldsX
i
may be formally determined from the de-
pendence of the eective action   on the gauge





) conguration. In par-
ticular, the dependence on the velocity v may be
described by a gauge eld background F
09
 v
[30,31,2]. This is formally the same as an ex-
tra constant eld strength background switched
on the probe in the euclidean D-instanton model
case.
The background value ofX
8
plays the role of an
IR cutoM  r (in the open string theory picture
it is related to the mass of the open string states
stretched between the probe and source branes).
The long-distance interaction potential V will be
given by the leading IR terms in the expansion of
  in powers of 1=M .
On the supergravity side, the interaction po-
tential may be determined from the action of a
brane probe moving in a curved background pro-
duced by a brane source. For example, the action
for a 0-brane probe in a background produced
by a marginal bound state of branes 1k0; 4k0,
34?1k0 or 4?4?4k0 (which is essentially the same
as the action for a D = 11 graviton scatter-
ing o the corresponding M-brane conguration
2+wave, 5+wave, 2?5+wave or 5?5?5+wave)








































(k = 1 for 1/4 super-
symmetric bound states and k = 2 or 3 for 1/8

























coupling constant), the long-distance expansion
of the classical supergravity interaction potential
































term has the same g
s
de-






. The detailed struc-
ture of the coecients in (2) reects the special
role played by the 0-brane function H
0
and the
presence of the product of the `constituent' har-
monic functions (which is a direct consequence of
the `harmonic function rule' structure [34] of the
supergravity backgrounds representing marginal
BPS bound states of branes).
To have a precise agreement between the su-
pergravity and SYM expressions for the poten-
tial (already at the leading level) one needs to as-
sume that in expanding (1) in powers of 1=r
7 p













prescription may be interpreted in two possible
ways (which are equivalent for the present pur-
pose of comparing interaction potentials). One
may assume (as was done in [18,19,1]) that N
0






For simplicity, here we are assuming that the bound state
has only RR charges; cases with non-vanishing fundamen-





) can be treated
in a similar way, see [24,37,4] and below.
any other charge parameters that may be present
in non-marginal brane congurations), so that
H
0









one may keep N
0
nite but consider the D = 10





  t being compact [28]:
as was pointed out in [3], the dimensional reduc-
tion of a D = 11 gravitational wave combined
with M-brane congurations along x
 
results in







The formal technical reason why the leading-
order SYM and supergravity potentials happen
to agree in certain simple cases is related to the
fact that the combination of F
4
terms that ap-
pears in the 1-loop SYM eective action is also
the same as the one in the expansion of the Born-
Infeld action [35], but the latter is closely related
to the action of a D-brane probe moving in a su-
pergravity background. This becomes especially
clear in the type IIB (instanton model) context
[2], provided one takes into account that because
of the T-duality involved, the relevant gauge eld
backgrounds which appear in the SYM and super-







The known (weak-coupling string theory) ex-
planation [29,18] of the precise agreement be-
tween the leading-order supergravity and 1-loop
SYM potentials in certain simple cases uses the
observation that for congurations of branes with
sucient amount of underlying supersymmetry,
the long-distance and short-distance limits of the
string-theory potential (represented by the annu-
lus diagram [8]) are the same. That implies that
the leading-order (long-distance) interaction po-
tential determined by the classical supergravity
limit of the closed string theory is the same as
the (short-distance) one-loop potential produced
by the massless (SYM) open string theory modes.
The results of [36,3,4] suggest that this
supergravity-SYM correspondence should extend
beyond the leading-order level. One may con-
jecture that, in general, the existence of the
open string theory description of D-branes com-
bined with enough supersymmetry implies again
the agreement between long-distance and short-
distance limits of higher open string loop terms
in the interaction potential. Equivalently, that
4would mean that (i) the leading IR part of the
L-loop term in the SU(N) SYM eective ac-





structure, and (ii) computed for
a SYM background representing a conguration





should reproduce the 1=r
(7 p)L
term in the cor-
responding classical supergravity potential.
Below we shall rst demonstrate the agreement
between the leading-order terms in the SYM and
supergravity expressions for the interaction po-
tential (section 2) and then discuss what is known
about that correspondence at the level of sub-
leading terms [3,4] (section 3). Some concluding
remarks will be made in section 4.
2. Leading-order interaction potentials
2.1. SYM eective action
In general, the eective action of the D =


























for a purely gauge eld background and with an
























We will be interested only a special subset of
terms in   (generalising the `diagonal terms' in





and distance r = M dependence as
the terms in the long-distance expansion (2) of
the classical supergravity interaction potential V










). One may conjecture that due to maxi-
mal underlying supersymmetry of the SYM the-





the leading IR (large M) contribution to   at L-
th loop order. This is indeed true for L = 1 [35]
and, in view of the results of [36] (for p = 0) and
[38] (for p = 3) this should be true also for L = 2.
3
We will consider only in the low-energy limit of the SYM
theory, i.e. will not consider the UV cuto dependent
parts in the corresponding eective actions (assuming the
existence of an explicit cuto eectively provided at weak
coupling by the string theory).
The sum of such leading IR terms at each loop






































coecients not depending on N or L.








































































































) and STr is the










gets the expression containing terms with single
and double traces in the fundamental representa-
tion [2]). The polynomial C
4
is the same one that












(F ) ; (5)
C
0








































































2.2. Potentials from SYM theory
Let us now consider several examples of dif-
ferent brane congurations which admit a SYM
description and compute the leading-order poten-
tials V
(1)
by substituting the corresponding gauge












in the D-instanton `interac-
tion' cases. In what follows we shall set 2
0
= 1
and assume for simplicity that the volumes of the









In the 1/2 supersymmetric case the basic exam-
ple is the interaction of two parallel non-marginal
5IIB bound states p+(p 2)+ :::+( 1) separated
by a distance.
4
They may be represented by the














stanton numbers of the two branes on T
p
or the





































are constant parameters describing the
charges of the two bound states. The su(N) ana-
logue of F
ab




































Since this background is abelian, STr is equivalent




























A particular example is that of the interaction




Similar result is found in the type IIA case, for
example, for a 0-brane (with velocity v) interact-





















































Special cases, e.g., 0-brane - 0-brane (F = 0) and








were discussed in [17,31,18,19,40].
An example of a bound state with 1/4 of su-
persymmetry is 4k0 which may be described [15]


































































Since the resulting background is commuting, the
potential is again given essentially by (6) or (7).
4
One may consider also interactions between orthogonally
oriented branes, assuming that they are wrapped around
parts of common torus.
For example, in the case of the (4k0)   (4k0)


































Similarly, for the static potential between orthog-
onally oriented (within 6-torus) 2 + 0 and 4k0






























Analogous expressions are found in the case of 1k0
bound state of a fundamental string and a 0-brane
























where h = h(~x
1
+ t) is a periodic function nor-











string winding number (see [37,4]). for example,
for a 0-brane interacting with 4k0 we get the ex-




















Similar expressions describe also interactions in-
volving the corresponding T-dual type IIB bound
states 3k( 1) and ( 1)+wave.
To determine the leading-order potentials
for congurations involving 1/8 supersymmetric
states one needs to nd their SYM description
and substitute the resulting backgrounds into (3).
The conguration of a 0-brane interacting with
4?1k0 state wrapped over T
5
(corresponding to
extremal D = 5 black hole) may be described by
a combination of an instanton and a momentum
wave (carried, in general, by vectors and scalars),
or, explicitly (after T-duality trading scalar back-



























This `instanton+wave' u(N) gauge eld background,
which should be representing the marginal BPS 5k1+wave
conguration invariant under 1/8 of N = 2; D = 10
type IIB supersymmetry, is, indeed, preserving 1/4 of the

















, and the periodic `vector
wave' and `scalar wave' functions h = h(~x
5
+ t)






























> is proportional to the total mo-





-coecient of the corre-
sponding leading-order potential is found to be


























The same expression is found for the 0-brane
interaction with 4?4?4k0 bound state wrapped
over T
6
(corresponding to extremal D = 4 black





6k2?2?2 conguration may be described by an













































are some three in-
dependent su(N
0
) matrices normalised so that
this gauge conguration produces the right 2-
brane charges (and only them) on 6-brane. One
possible choice of 
k
is the following `commut-
ing' one (assuming that N
0















are the diagonal 44





= diag(1; 1; 1; 1); 
3
= diag(1; 1; 1; 1).
A `non-commuting' choice is to set 
k
to be pro-















. Both choices represent 1/4 super-
symmetric congurations in the D = 6 + 1 SYM
theory [4]. The leading-order potential in this



























Comparing (11),(13) with various special cases
discussed above we conclude that, as might be
expected, the leading-order SYM interaction po-
tentials for marginal bound states are essentially
the sums of pair-wise interactions between con-
stituent branes. The same will, of course, be true
on the supergravity side (cf. (1)), and the poten-
tials will be in full agreement.
It should be mentioned also that the leading-
order interactions involving non-supersymmetric
bound states of branes [23,41,42] or near-extremal




2.3. Potentials from supergravity
To nd the supergravity potentials we shall
use the probe method, i.e. consider the ac-

































a curved background produced by a brane bound
state as a source. The key example in the 1/2
supersymmetric brane case is the interaction of a
D-instanton with a type IIB non-marginal bound
state p + (p   2) + ::: + ( 1). The action for
the latter considered as a probe may be found by
switching on a constant F
ab
background on the
Dp-brane world volume [43]. The uxes produced
by F
ab
determine the numbers of branes [15] of















































), etc.,) `smeared' along
the directions of T
p+1
into the Dp-brane action

































































in a curved background.
To establish the agreement with the leading-





) is very large and ex-
pand in powers of F
 1
[1], or, alternatively, drop
71 in the source D-instanton harmonic function H ,


















term in the expansion of the BI
action (5) is given by the C
4
combination, the
resulting leading term in the interaction poten-
tial is found to have the same structure and the






























. The fact that the two abelian
eld strengths appearing in the supergravity and
the SYM descriptions are related by the inversion
is a consequence of T-duality. T-duality trans-
forms the ( 1) { (p+:::+( 1)) system on T
p
into
a system of `pure' Dp-brane and Dp-brane with











Closely related expressions are found in the
type IIA case of 0-brane interacting with p+:::+0
non-marginal bound state. The (p+ :::+0) probe













































. This action may
6
By analogy with a similar prescription in the type IIA (0-
brane) case [3], it may also be given the following heuristic
interpretation. As was noted in [46], the D-instanton so-
lution of [44] is formally a reduction of a gravitational






















, a = 0; 1; :::;9,
K = Q=r
8




























one nds the instanton background e




































, i.e. the back-
ground with H ! H   1 (see also [45] for a discussion
of such shifts in harmonic functions in connection with T-
duality). Since H  K at small r this background may be
interpreted as a short-distance limit of the D-instanton so-
lution. Given that the latter represents a wormhole [44],


































































In this form it corresponds to a T-dual congu-
ration, i.e. to the interaction of a p-brane source
(with charge N
0
) with parallel (0 + :::+ p)-brane
probe (with 0-brane charge n
0
) moving in a rela-
tive transverse direction. Introducing the velocity
component F
09
= v we can put this action in the


























so that the agreement
between the leading-order long-distance interac-
tion potential and the SYM result (7) is manifest.
Next, one may consider a p+ :::+0 or p+ :::+
( 1) brane probe described by a Dp-brane action
with a constantF
mn
eld strength moving in type
IIA or type IIB supergravity backgrounds pro-
duced by a 1/4 or 1/8 supersymmetric marginal
(or non-marginal) bound state of branes. Since
the latter are known explicitly (see, e.g., [33])
the computation of the interaction potentials is
straightforward. For example, the potentials in
the case of 0-brane interactions with 1/4 or 1/8
supersymmetric marginal bound states have the








































































which is equivalent to the SYM result (8) [1].







as the coecient of the v
4
term and





agreement with the SYM result.
Similarly, using the explicit form of the
4?4?4k0 background [47] one nds that the


















































which is again in agreement with the SYM ex-
pression (13).
To summarize, the SYM{supergravity corre-
spondence observed on the above examples is for-
mally due to (i) the BI-type structure of the ac-
tions of the non-marginal bound state branes, (ii)
the `product of harmonic functions' structure of
the actions in the marginal bound state case (im-
plying additive dependence of the leading-order
potential on constituent charges), and (iii) a
combination of these two features in more gen-
eral cases of interactions with non-marginal 1/4
or 1/8 supersymmetric bound states.
3. Subleading term in interaction poten-
tials
The result of [3] may be interpreted as implying






























is reproduced by the leading 2-loop term in the
D = 1 SYM eective action   dened in section
2.1.
7





in   has the same structure




, i.e. is given by the (sym-
metrized) trace in the adjoint representation of
the F
6







(F ) : (15)
Indeed, interpreting the velocity as an electric


















[3] to match the supergravity result (obtained by
the probe method) one nds the precise agree-
ment with the supergravity potential.
In [4] we attempted to test the ansatz (15) by
studying the subleading terms in the potentials
7
Similar SYM interpretation should apply to the discus-
sion in [48].
in more complicated examples of 0-brane inter-
acting with bound states of branes wrapped over
tori. Since an explicit computation of the 2-loop
term in   for arbitrary non-abelian gauge eld
in a higher-dimensional SYM looks as a com-
plicated problem, we followed an indirect route:
making a plausible ansatz for the 2-loop term in
  and then trying to compare it with the super-
gravity expressions for V
(2)
on dierent examples
with varied amount of supersymmetry, assum-
ing that the supergravity-SYM correspondence
should continue to hold beyond the leading order
as it does in the simplest 0-brane scattering case.
The consistency of the resulting picture supports
the basic assumption.
The rst non-trivial example is the 0-brane in-
teraction with 1/2 supersymmetric non-marginal
bound state (p + ::: + 0). Since the action (14)
has the BI structure, the subleading term in its























into (15) we nd the precise
agreement between the SYM and the supergrav-





This, in fact, may be considered as a moti-
vation for choosing (15) in the rst place. A
test then comes from the cases of 0-brane in-
teraction with 1/4 supersymmetric 1k0 and 4k0



































) in the 0  (1k0)
case have dierent structure than (14), V
(2)
is still
reproduced [4] by the 2-loop term in   after one
























In the 0  (4k0) case the supergravity potential
has the same form as in the 0 (1k0) case, but the
corresponding SYM background (9) is now more
complicated: it is parametrised by two indepen-


















































which is needed for agreement with the super-
9gravity potential.
It is natural to try to modify the ansatz (15) in
order to correct the factor of 2 discrepancy in the
v
4





in all the previous cases (which were repre-
sented by more primitive gauge eld backgrounds







Remarkably, it turns out [4] that there is a unique
way of achieving that goal (up to terms involving
commutators of F which are discussed below and
which vanish on the backgrounds we considered
so far): one is to keep the same Lorentz-index
structure of the F
6
terms as in C
6
but should
replace the internal index trace STr by a dier-





such fundamental trace structures may in general








































































































(F ) ; (16)
to reproduce the supergravity expressions in all
of the above examples, including the 0   (4k0)




(F ) 6= STrC
6
(F )). Indeed, one nds that






















































in   is now in agreement
8
Since here we consider only commuting F
ab
backgrounds,
the symmetrisation does not play any role. It is, however,
useful in order to isolate the terms that do not vanish in
the abelian limit from additional commutator terms (see
below).




A test of the consistency of (16) is provided by
further examples of 0-brane interactions with 1/8
supersymmetric bound states. In the 0 (4?1k0)









































. The same expression should
be reproduced by the 2-loop SYM eective action




in (16) computed for the










































terms are indeed the same
as in V
(2)
for any distribution of the total momen-
tum between the vector and scalar oscillations
(representing the momentum wave along the D-
string bound to D5-brane in the T-dual congu-
ration 5k1+wave). However, the coecient of the
v
2
term is non-vanishing (cf. [24]) only if w 6= 0,
i.e. only if the scalar background is excited. The
v
2
term has the required coecient provided we
assume that the momentum is distributed equally






































































uated on the background (12) supplemented by





coecient of the v
2
term in the resulting expres-
sion for  
(2)
is vanishing for both commuting and
non-commuting choice of the matrices 
k
in (12).
One should note, however, that up to this point




which may, of course, be present in the 2-
loop eective action, but which were vanishing on
the commuting backgrounds we were discussing
















[F; F ]): (18)
To demonstrate that the commutator terms C
6



















Making the non-commutative choice of the back-
ground in (12), i.e. taking 
k
to be proportional
to the Pauli matrices, one nds [4] that C
6
(mul-




which is its coecient in
 ) contains indeed the same v
2
contribution as in






















As we have discussed above, the supergravity-
SYM (matrix theory) correspondence is manifest
for the leading term in the long-distance interac-
tion potential between appropriate congurations





but obtained from D = 11
using `null' reduction).
We have suggested that this correspondence
holds also for the subleading terms in the long-
distance potential between extended branes, i.e.
not only for the D = 1 SYM (0-brane scattering)
case considered in [3]. It would be important to
perform a string-theory computation of the sub-
leading (2-loop) terms in the interaction poten-
tial, checking that the r ! 0 and r ! 1 limits
of the string result continue to agree (for relevant
congurations of branes) beyond the leading 1-
loop level considered in [30,29,18]. This would
9
Though this does not seem to be directly related to the
present discussion, let us note that, in general, the F
6
-
part of the tree-level (disc) open string theory eective
action should also contain certain commutator terms in
addition to the symmetrised trace terms StrC
6
(F ) in the
non-abelian BI action as dened in [14]. That such com-
mutator terms may need to be included in D-brane action
applications is implied by the results of [49{51].
provide an explanation for the supergravity-SYM
correspondence at the subleading level observed
in [3,4].
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